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Introduction

¢ Consider the following constrained convex optimization problem:

p*:=min  (c,x)
subject to Ax = b, (P)
x € Q,

where b€ R™, c € R", A:R" — R™ is a linear map, and Q C R" is a compact convex set.
Applications
® Semidefinite programs

min {(C, X) | AX = b, X € Q},

where Q = {X € S7 : tr(X) < v}, where v is large enough.
® Max-Cut

in{(L,X)| X;=1,i=1,...,n,X €S"}.
min {{L, X) | i n,X €S}
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Augmented Lagrangian methods

® A conceptually simple framework for constrained optimization
(Rockafellar 1976; Hestenes 1969; Powell 1969)

® Define the augmented Lagrangian function £(x,y) with p >0

Ly(x.y) = (e.x) + {y.b— Ax) + £ Ib — Ax|%.

e For iterations k = 1,2,..., the augmented Lagrangian method (ALM) repeats the two steps
Xi+1 € argmin L,(x, yk), (1a)
x€EN
Vi1 = Yk + p(b — Axiy1). (1b)

® The minimization in (1a) is difficult. Often consider the inexact ALM (Rockafellar 1976):
X1 ~ argmin Eﬂ(xa }/k)7
x€EN
Yier1r = Yk + p(b — Axicy1).
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Proximal point methods

® The ALM is the same as the proximal point method applied to the dual (Rockafellar 1976)

* Proximal point method (PPM): Consider minycrn f(y), where f is a convex function. For
iterations k = 1,2, ..., the PPM performs the proximal update

yk+1:pr0Xaf()/k), k:132a"'a

where prox,, is the proximal mapping defined as

: 1 2
prox,s(yi) = argmin f(y) + o= [ly — yl”
y€ERn 20

® However, the proximal update is difficult to evaluate. Often consider inexact PPM

Vi1 = ProxXge(yi)-

® The proximal bundle method can be viewed as an efficient realization of the inexact PPM
(Liang and Monteiro 2021)
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Proximal bundle methods

The difficulty of the proximal operator prox,((yx) comes from the function f

Approximate f by a simplier lower approximation f; (i.e., fx < f)
(Lemarechal and Zowe 1994; Liang and Monteiro 2021; Kiwiel 2000)

Acquire a candidate point zx,1 by

Zyy1 = PTOXafk(yk)

Test if zx11 provides sufficient descent by the test

f(ze+1) < F(ye) = B(F(vk) — fk(zk+1)),  where 8 € (0,1) is fixed.

Approximated drop

Update the iterate

) zky1, if (2) holds (Descent step)
Vet = Vi otherwise  (Null step).

)
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Proximal bundle methods

e Update the approximation fi; satisfying (Diaz and Grimmer 2023)
® Lower approximation: f; ;1 < f.

® Subgradient: There exists viy1 € Of (zkt1) st fer1(c) > F(zkr1) + Vi1, - — Zkt1)-

® Aggregation: For a null step, we require fii1(-) > fi(Zks+1) + (Sk+1, - — Zk41) , where
Sk+1 = (Vk — Zkt1) /0 € Ofk(zk41).

A 1
2gy1 € argmin fi(y) + ?Ily —ykll?
yER™ (6%

Update fr+1 Test 241

zk+1, (Descent step)
Yk+1 =
Yk, (Null step)
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Big Picture: Primal and Dual Perspective

® Let g(y) = — minyeq £(x, y) be the dual function and L(x,y) = (c,x) + (v, b — Ax).

Primal Dual
min{(c,x) | Ax = b,x € Q} min &(y)
Xkt1 € argmin L,(x, yk),
ALM xEN < Yk+1 = prOng(yk) PPM
Yirr = Yk + p(b — Axi1)-
s f
X1 ~ argmin L,(x, yk),
Inexact ALM x€Q Y1 A Prox e (v«) Inexact PPM
Yir1 = Vi + p(b — Axici1)-
s f

Proximal bundle
7 Zik1 = Proxg, () method

Yk4+1 = Zk+1 OF Yk
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Big Picture: Primal and Dual Perspective

® Let g(y) = — minyeq £(x, y) be the dual function and L(x,y) = (c,x) + (v, b — Ax).

Primal Dual
min{(c,x) | Ax = b,x € Q} min &(y)
Xkt1 € argmin L,(x, yk),
ALM xEN < Yk+1 = prOng(yk) PPM
Yirr = Yk + p(b — Axi1)-
s f
X1 ~ argmin L,(x, yk),
Inexact ALM x€Q Y1 A Prox e (v«) Inexact PPM
Yir1 = Vi + p(b — Axici1)-
s f

Proximal bundle

This work & k1 = PIOXpg, (ve) method
Yk+1 = Zk+1 OF Yk
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This work: A Bundle-based Augmented Lagrangian Framework

Contribution 1: A new Bundle-based Augmented Lagrangian Algorithm (BALA):

Update Q41

4 .
wi41 € argmin L,(x, yi),
x €,

21 = Yk + p(b — Awp41)

N

Ve

Whils Zhil)s
(wk+1,yk+1)={( k15 Zhi1)

(ks k) (Null step).

(G

N\
(Descent step),

Test (Wk+1, 2k+1)

Contribution 2: Sublinear convergence: Under the proper choice of the parameters, for any € > 0,
BALA finds a pair of primal and dual solutions (x, yx) satisfying

in at most O(e~2) iterations.

max{| (¢, xx) — p*|, [ Axk — bl|, g(yx) —g"} < ¢

Contribution 3: Linear convergence: Under mild assumptions, the complexity becomes O(log(2)).
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This work: A Bundle-based Augmented Lagrangian Framework

Contribution 4: Primal and dual interplay

Augmented Primal-dual Proximal
Lagrangian method Point method
Inexact Augmented Inexact Proximal
Lagrangian method Point method

N
Primal-dual
Our algorithm Bundle method
J o
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Bundle-based Augmented Lagrangian Framework

Under the inexact ALM framework
Xi41 A~ argmin L,(x, yk),
xEN
Yi+1 = Yk + p(b — Axiy1)-

How to solve the minimization efficiently?
® The fact that the minimization is difficult is due to the constraint x € Q

e What if we approximate the set Q by a simple inner approximation €, i.e.,
Qk g Q)
and solve the simpler subproblem exactly

Wit1 € argmin L,(x, y«)
xEQy

® For example, Q = conv(vk, wk) where vy, wix € Q. An analytical solution exists.

13 /28



Bundle-based Augmented Lagrangian Framework

Challenges of the proposal wy1 € argmin, o £,(x, y«)

® How to decide wy,1 is a good solution?

® In general, it is difficult to relate wy1 with the true solution argmin o £,(x, y).
Potential solutions

® A very good approximation Q, C Q, i.e., Q= Q

® However, a good approximation € leads to a harder subproblem

We aim to design a sequence of inner approximation {Q,} such that the sequence

{wiy1 € argmin £,(x, yx)}

xEQ

e finds an eg-solution to argmin,cq £,(x, y«) ;

® the sequence of sets do not need to be nested Q) Z Q.1
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Bundle-based Augmented Lagrangian Framework
Decide if w,,; is a good candidate:
Idea: Look at the descent generated by zx11 = yk + p(b — Awg1) in the dual.

® An inner approximation Q, C Q naturally defines an approximated dual function gy :
gk(y) ::_Xrgisg]k‘c(xvy)ég(y)7 VYER'",

where g is the dual function.
® Test the descent progress

g(zkv1) < g(vk) — B(g(vk) — gx(zk+1)), where 8 € (0,1) is fixed. 3)

Approximated drop

e Update the iterate

(Wk+1, Zk+1), if (3) holds (descent step),
(Xk+15 Yir1) = .
(X, Y«), otherwise (null step).
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Bundle-based Augmented Lagrangian Framework

Update the inner approximation Q. ;:

¢ Inner approximation: we have Q,,1 C Q closed and convex;

¢ Dual information: we require v 1 € Qx11, where vi 1 € Q satisfies

8(zks1) = —L{Vir1, y)

or equivalently

Vi1 € argmin L(x, zx41);

x€eQ

® Primal information: if the step k is a null step, then we require wxi1 € Q1.

Update Q41

e » N
Wi41 € argmin L,(z, yi),
€Ny
L Ze+1 = Yk + p(b — Awgy1) )
Test (W41, 2k+1)
s ~

\

(Thy1, Yht1) = {

(Wht1, Zh+1),
(wkv yk)7

(Descent step),
(Null step).
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Bundle-based Augmented Lagrangian Framework

Illustration in 2 dimensions
min Xy + Xo
x€R2

subject to 2x3 +x =1,
x € RE,|x[y < 1.

1 1 1
0.8 0.8 0.8
Ty = =211 + 1 To=—2x1+1 T = —2x1+1
0.6 0.6 0.6
~ ~ ~
B B )
I = wp
0.4 0.4 0.4
2
0.2} wy 0.2} wy % {2 0.2
w3 ) _» _xW3
0 2 0 Yot 0 i
0 0.5 1 0 0.5 1 0 0.5 1
iy 1 xy
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BALA and proximal bundle methods

Subproblem in BALA

Wit1 € afgfgi” L,(x,¥k),  Zki1 = Yk + p(b — Axiy1).
x€82k

(Lemma) The dual update z,1 is the same as a proximal step on the approximated dual
function, i.e.,

= "]R' (¥) = ly = yill?
z in +
ket = N &kly) + ooy = Yl

where g = — minyecq, £(x,-) an approximated dual function of g.

(Lemma) The construction of Q1 implies that the function g1 = — minceq,,, £(x,-)
satisfies the assumptions for the proximal bundle method.

BALA can be viewed as a proximal bundle method applied to the dual.
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Convergence

Theorem 1 (Sublinear convergences)
For any € > 0, BALA with parameters 3 € (0,1) and p > 0 finds a dual iterate yj satisfying

glyk) — 8" <e
in at most O (¢73) number of iterations, and a primal iterate x; satisfying
| {c,xk) — p*| < eand || Axx — b|| < €

in at most O (6*6) number of iterations. Moreover, if we choose p = 1/¢, then the iteration
complexities are improved to O(e=2) for both the primal and dual iterates, respectively.
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Convergence

Theorem 2 ((Local) Linear convergences)
Suppose that the dual function g satisfies quadratic growth

a m
g(y)—g" > 5 dist®(y, ), Vy€eR (4)
and the approximation function g satisfies
~y
ge(y) <g(y) < &ly) + 5 lly = wull?, vy €R™, (5)

for all k > T with v > 0. Under a proper choice of parameters, for all iterations k > T, there
exists two constants iy € (0,1), up > 0 such that

diSt(yk+1, QD) S M1 - dist(yk, QD)
and

max{g(yk) — " [lMxk — blI?, | {c, xe) — p*[*} < 2 - dist(yx, Q).
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Comparison with the algorithm CGAL in (Yurtsever, Fercoq, and Cevher 2019)

[er(CX) = p* /1P|

[er(CX) = p*|/1p"]

Numerical results

An SDP with n =m = 100

10°

1072

100

10-10

2.5 5 7.5 10
Tteration x10°

Matrix Completion

2.5 5 7.5 10
Tteration x10°

[AX — bl/(1+Bll)

[AX = bl/(1+[|b]))

An SDP with n = m = 100

Il

10°°
0 2.5 5 7.5 10
Iteration x10%
Matrix Completion
10°
107
1071()
2.5 5 7.5 10
Iteration x10°

———BALA —— CGAL
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Numerical results

Comparison with the SCS (O’Donoghue 2021) and SDPNAL+ (Sun et al. 2020)

Instance Metric ~ SCS SDPNAL+ BALA Instance Metric ~ SCS SDPNAL+ BALA
€ 9.6e—3 3.6e—4 2.5e—4 €p 2.4e—-2 2.9e—4 3.6e—4
€d l.le—4 3.le—4 0 €d 3.4e—4 4.5e—4 0
qpp100 € 2.8e—7 3.2e—4 9.1e—6 qpp250-1 ¢, 2e—b 5.4e—3 1.4e—5
Cost 4.5el 4.5el 4.5el Cost 1.6el 1.6el 1.5el
Time(s) 1.lel 4.9e—1 1.6 Time(s) 1.2e2 1.1 5.1
€ 12e—2 2.6e—4 4.5e—4 € N/A 2.1e—4 2.3e—4
€4 1.le—4 3.5e—4 0 €4 N/A 1.6e—5 0
qpp500-1 ¢, 7.7e—5 5.4e—3 1l.le—4 qpG51 € N/A 4.8e—5 2.1le—5
Cost 4.5el 4.5el 4.5el Cost N/A —1.2¢4 1.2¢4
Time(s) 1.0e2 7.5 1.1el Time(s) 36el 6.1e2 1.2¢2
bl le=Ay=2Zl L HEX) (b
P — ’ - 9 g — .
1+ [|b]| 1+ C] 1+ [(C, X} + (b, y)|

® Solved until max{e,, €q,€,} <5 x 107*
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Conclusion

® A new Bundle-based Augmented Lagrangian Algorithm (BALA):

w1 € argmin L,(z, yx),
€D, SN = —2n 1
Zip1 = Yk + p(b— Awpsq) 06
Update Qs Test (w1, 7ks1) N ‘L
@ Yest) = (wk41,2k41), (Descent step), A
Gl kR = (@k, Yk, (Null step). ) =~
5 1 “H 0.
® BALA has sublinear and linear convergence guarantees
Matrix Completion Matrix Completion
10° 10°
= s
= +
e )
! = 10°
= T
= >
= =
10710 10-10
0 2.5 5 7.5 10 0 2.5 5 7.5 10
Iteration x10% Iteration x10%

———BALA ——CGAL
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Conclusion

® Primal and dual interplay

Primal-dual

Augmented Proximal
Lagrangian method Point method
Inexact Augmented Inexact Proximal
Lagrangian method Point method

Primal-dual
Our algorithm Bundle method
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Thank you for your attention!

Q&A

® Feng-Yi Liao and Yang Zheng (2025). “A Bundle-based Augmented Lagrangian Framework:
Algorithm, Convergence, and Primal-dual Principles”. In: arXiv preprint arXiv:2502.08835
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